Introduction
The construction in permafrost zone is continuously increasing, both in Russia and in the World. In this regard, the most important problems in geological engineering and construction are forecast and control the temperature field distribution in soils with different lithological parameters [1] [2] [3] [4] [5] [6] . Mathematical model and numerical procedure to forecast temperatures in a mine are presented in [7] [8] [9] . The model includes two-dimensional energy equation for air and Fourier equations to describe the thermal field in thawed and frozen rocks zones. These equations are complemented by Stephen equation on the moving phase boundary and Newton's equation on the boundary "air-rock". The initial conditions assume an arbitrary temperature distribution in space and time. Function that describes the temperature variation at the mine entrance takes into account not only seasonal but also daily fluctuations. It allows one to take into account climate features of the northern regions. This model also allows one to take into account the main factor affecting the intensity of heat transfer in time, namely, humidity (iciness) of rocks.
It was found [10] [11] that changes in the properties of rocks during seasonal freezing are of great importance for the northern regions with harsh winters. Physical and mechanical properties of dispersed rocks in thawed and frozen state are studied for a long time. However, changes in the properties of rocks under the influence of freeze-thaw cycles as well as changes in the properties of rocks during freezing are poorly understood. Problems of the optimal control of temperature fields are relatively new and still little understood. One of these problems is to optimize the process of thawing of frozen soils using magnetrons. There are several approaches to solve the problem. They include direct methods, variational methods and methods of optimal control. This article describes the use of a direct method of optimization. We consider the thawing technology that uses the microwave energy produced by the magnetrons. According to [1] , the magnetron M-111 with operating frequency 915 MHz and excavating machine provide 0.3-0.5 m depth of excavating per pass. The energy consumption is about 5-6 kWh/m3. The magnetron M81 with operating frequency 2.45 GHz has an output of 5 kW. It provides the rate of penetration equal to 4-10 m/h with borehole diameter equal to 0.8 m in the case of frozen sandy loam. These parameters are approximate because energy consumption is proportional to temperature of frozen soil so it depends on the weather conditions.
Mathematical model
In the process of thawing there are the following stages of the thermal process: heating of frozen soil to a temperature of melting (solid phase), heating of unfrozen soil and further thawing of frozen soil (liquid phase), intense evaporation and even boiling of hot melt water can also take place.
Thermal processes in the soil are described in the context of non-stationary one-dimensional model. It is assumed that the soil occupies a half-space x> 0, x is the coordinate. Microwave energy is transmitted into the soil by means of transverse electromagnetic wave. The electric field strength on the soil surface (x=0) is equal to E 0 . The thermal process is described by the multi-phase Stefan problem in the enthalpy formulation with concentrated heat capacity:
where H is the enthalpy
is the Heaviside function, T is the temperature, T f 1 is the temperature of ice melting, r f 1 is the latent heat of melting, T f 2 is the boiling temperature of water, r f 2 is the latent heat of vaporization of water, T 0 is the initial soil temperature (
is the heat capacity of the soil, w f is the relative soil moisture,
is the thermal conductivity, q is the density of the surface source. Taking into account the convective heat loss and evaporation from the surface of the unfrozen soil, we have
where k is the coefficient of convective heat transfer, r f 2 is the specific heat of evaporation, v vap is the speed of the vaporization front. This speed is approximately determined by the
, where p n is the saturated vapor pressure corresponding to the surface temperature of the thawed soil, T s = T (0, t), M is the molar mass of water and R is the gas constant. Assuming that heat of evaporation qvap is independent of temperature, the vapor pressure is derived from the Clausius-Clapeyron equation:
where p 0 is the external pressure, T bp is the boiling temperature at pressure p 0 . In equation (1) f is the specific heat release under microwave heating of dielectric:
where ω is the angular frequency of the electromagnetic field [12] [13] [14] [15] . Complex permittivity is equal to ε r = ε ′ r -iε ′′ r , where ε ′ r is the real part of complex permittivity (relative permittivity) and ε ′′ r is the imaginary part of complex permittivity of the soil (dielectric loss factor), ε 0 is the dielectric constant, E is the electric field strength. Dielectric loss factor is ε ′′ r = ε ′ tgd. If the conductivity of a material σ is small or the frequency is high so that σ ≪ ωε (ε = ε ′′ r ε 0 ) then the dielectric heating is the dominant mechanism to transfer the energy of electromagnetic field (EMF) into material. The coefficient characterizing the depth of penetration of EMF into the soil is the imaginary part of the wave number:
Finite-difference method
Numerical method is based on the multi-phase Stefan problem in enthalpy formulation with concentrated heat capacity [2] [3] [4] [5] [6] . The problem domain is infinite so it is advisable to use a non-uniform grid. Equation (1) is approximated as follows
where τ is the time step value ( t p =pτ ), p is the number of time step, h x,j is the grid size, j is the number grid node,ȟ x,j = h x,j +h x,j+1
The first order approximation of boundary condition with respect to h= max j=1,...,n h x,j is
The second order approximation is
The Newton-Raphson method is used to solve the last two nonlinear equations. Condition on the right border of the grid is H p n = 0, p = 0, 1, . . . . The grid size is dictated by the requirement of accuracy of the finite-difference solution. Near the boundary the grid refinement is applied to improve the accuracy of approximation of the boundary condition.
The time integration scheme is explicit. Explicit schemes are preferred over implicit schemes. Explicit schemes are cost-effective and to a lesser degree they break the symmetry of the problem. This is of particular importance for nonlinear problems. The value of time step is chosen according to the well known stability condition of explicit schemes for the heat equation.
The employed enthalpy method does not use smoothing of concentrated specific heat. Difficulties emerge when concentrated heat capacity is taken into account [4] .
Similar problems of modeling of phase transitions in soils are discussed in [16] .
Soil properties
Dry soil has high resistivity and relatively low dielectric constant, for example, the average sand resistivity is equal to 3000 Ohm*m and the relative dielectric constant is around 4. The presence of water in the soil greatly increases its conductivity. Wet sand has resistivity of about 100 Om*m. The soil often contains a large amount of bound water and in the frozen soil a portion of water remains unfrozen. This also reduces the resistance to 30 Om*m [12] [13] [14] [15] . Thus, the electrical properties of water are important. Fig. 1 and 2 show the relative dielectric constant of water and ice. Dielectric loss in the soil is mainly due to dipole polarization and electric conductivity. The dielectric constants for the widely used frequency 915 MHz are: for the frozen soil ε
where w f is the soil moisture. Fig. 1 and 2 show that often used magnetron frequencies 0.5-2 GHz are best suited for heating water and unfrozen soil (in both cases the depth of penetration of EMF is about 1 cm) but they are relatively less effective for heating ice and frozen soil (penetration depth of EMF is about 0.5 m). Convective heat transfer coefficient k is taken to be 1W/(m 2 * K), soil moisture w f = 0,1. Air temperature and the initial temperature of the soil are assumed to be equal. They vary between -50 and 0 •C. Thermophysical parameters of various types of soil as a function of moisture value are presented in [17] . Typical values for 12. 
Magnetron characteristics
Normal power of magnetrons used in construction works are P = 5 kW and efficiency is about 70%. Radiated specific instantaneous power of magnetron is the magnitude of the Poynting vector P = EH and the actual value <P > = 0.5 EH, where E is the electric field strength and H is the magnetic field strength. Since H = E/Z, where Z is the impedance of vacuum (about 377 ohms), the average radiated power is < P rad >= 0.5E 2 S/Z, where S is the surface area of radiation. Assuming that efficiency is 70% (< P rad >= 0.7P ) and the surface area of radiation is S = 0.5m 2 , we find the following estimate of the electric field strength emitted by the magnetron: E = (1.4PZ/S) 0.5 = (1.4 * 5000 * 377/0.5) 0.5 ≈ 2300 V /m. There are often higher flux densities of microwave energy with electric field strength is between 7000 and 11 000 V/m [1] . Fig. 3-5 show the space distributions of the temperature field (time interval is 10 sec). The duration of exposure to microwave radiation is about 50 sec. Fig. 3-5 show that temperature distribution depends on the initial temperature. In the case shown in Fig. 3 thawing time is about 594 sec, volumetric source energy is 32 kWh or 251 kWh per cubic meter. In the case shown in Fig. 4 thawing time is about 422 sec, volumetric source energy is 24 kWh or 190 kWh per cubic meter. In both cases one needs 2.1 kWh (16.8 kWh per cubic meter) to melt ice only.
Simulation results

Data
Characteristics of the thawing process (energy consumption, time) also significantly depend on the soil moisture. In the case shown in Fig. 5 thawing time for the soil moisture 2 % is approximately 380 sec, volumetric source energy is 18 kWh or 142 kWh per cubic meter. In both cases one needs 0.4 kWh (3.25 kWh per cubic meter) to melt ice only, x melt (t F ) = 25 cm, x bp (t F )= 16 cm, the surface temperature is 99
• C and the maximum temperature is 108
• C. Thermo-physical processes in the case of high-power microwave heating of moist soil are similar to the processes in microwave ovens in the case of food defrost. There are phase transitions ice-water and water-vapour. Error of numerical solution is estimated by the heat balance (it is about 1%). x melt (t F )=25 cm and x bp (t F )=20 cm. The surface temperature is 99
• C and the maximum temperature is 100
• C. 
Optimization
Due to the errors introduced by the finite-difference method, the objective function can have the multitude of false and weak extrema. It is advisable to carry out preliminary smoothing either to use statistical methods of optimization or direct search method. The objective function with respect to the thawing time to a predetermined depth and energy consumption is monotonic: energy consumption increases and the thawing time decreases with increasing of the electric field strength E 0 . Consider the objective function with respect to the depth of thawing h and penetration H for a working day (8 hours) . The objective function is g(h)= 8*3600*h/t(h). The objective function is shown in Fig. 7 . Optimal values are h opt = 0,39 m and H opt = 17,86 m. 
Conclusions
A mathematical model and numerical method for calculating and optimizing the speed of soil thawing using magnetrons are presented. The enthalpy method without smoothing concentrated heat is used for simulations. A series of calculations are carried out for the cases of sandstone and sandy loam thawing with the use of standard magnetrons. It is found that nonlinear behavior of thermal parameters, phase transitions and boundary conditions significantly influence temperature distribution and electric field. It is also found that the losses due to convective cooling and evaporation are negligibly small. The results can be used in research and in designing mining equipment for permafrost.
